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Communicated October 20, 1961 The blocks of representations of a finite group G have been studied in several previous papers.' Here, a number of further results are given which are needed for application of this theory to an investigation of the structure of groups of even order.
1. Let G be a group of finite order g and let p be a fixed prime number. The irreducible characters xi, X2, . . ., Xk are distributed into disjoint sets, the p-blocks of G. We shall denote by G' the set of p-regular elements of G and by x,.°t he restriction of x,. We remark that the union of basic sets 'PB for all p-blocks B af G is still linearly independent. 2. Let P be a p-element of G, i.e., an element whose order pa is a power of p.
By the section Sp of P, we mean the set of elements of G conjugate to an element PR, where R is a p-regular element of the centralizer 0(P) of P in G; R C C(P)0.
Thus, if P ranges over a set of representatives for the conjugate classes of p-elements in G, each element of G belongs to exactly one Sp. If R E C(P)0y we can set x;, (PR) = EE d~pspP (R).
b p
Here, b ranges over the p-blocks of C(P) and, for each b, p ranges over the indices of the elements 'Pp of a basic set 'Pb. Moreover, the d~p are algebraic integers of the field of path roots of unity which do not depend on R. We call the dp the generalized decomposition numbers.
Each p-block b of C(P) determines a p-block B = bG, cf. the papers quoted in reference 1. If we consider only x,, E B in (3), it suffices to let b range over those blocks of C(P) for which bG = B. For pp, (Pe tb E dP dp = cp, 
when P and P' are two nonconjugate p-elements or when P = P' but Ps, 'P belong to basic sets of two distinct p-blocks of C(P).
If bG = B. the defect do of b is at most equal to the defect d of B. If the basic set 'Pb is chosen in accordance with Theorem 1, IcP < y(pd). It follows from (4) that we have only finitely many possibilities for the matrix (dp). This leads to THEOREM 2. For a given pd, there exist a finite number of possible types of p-blocks B of defect d. For each type, the set of generalized decomposition numbers { d~p} is completely determined assuming that suitable basic sets are used. If the group C(P) is given, the values of the x,. £ B for elements of the section of P are determined.
We may assume that, for a fixed type, the defect group D of the block is given as an abstract p-group and that it is also given which conjugate classes of D are "fused" in GU i.e., are included in the same conjugate class of G. If P is not conjugate to an element of D, then each x,. E B vanishes on Sp. In the last part of Theorem 2, it is assumed that we know to which element of D (if any) P is conjugate.
3. Estimates for the number of types for given pd obtainable by the previous method would be extremely large. There are other methods available which also
give Theorems 1 and 2 and whikh yield better results. These are based on the follow-Piioc. N. A. S. ing remarks: 1. The discussion of the Cartan invariants of C(P) can be reduced to the same discussion for 0(P)/ { P}. If P 5 1, the defect is reduced. We can therefore use an inductive procedure to obtain the possibilities for the dPp with a fixed P 1. 2. Consider the dp with fixed p and P as the coefficients of a column bp with JA as row index. The columns with coefficients in Z which are orthogonal to all columns bp with P 5 1 form a Z-module X. By (5), bI E£ X. Any Z-basis of X can be used for the set of columns bl, assuming a suitable choice of the basic set. 3. In addition to (4) and (5), there are a number of other results which facilitate the discussion. In particular, congruences for the columns bP can be established. Also, Theorems 4 and 5 of the third paper quoted in reference 1 can be used; these results can be refined further.
4. One of the p-blocks of G must contain the principal character xo = 1. We term this block the principal block Bo of G and state a.number of results for Bo. THEOREM 3. Let b be a block of a subgroup H of G, let T be its defect group in H and assume that the centralizer of T in G is included in H so that bG is defined as a block of G.
Then bG is the principal block Bo of G if and only if b is the principal block bo of H.
It follows from this that for B = Bo, the sum Ej in (3) 1 Brauer, R., these PROCEEDINGS, 30, 109-114 (1944 PROCEEDINGS, 30, 109-114 ( ), 32, 182-186 (1946 PROCEEDINGS, 30, 109-114 ( ), 32, 215-219 (1946 ; Mathematische Zeitschrift, 63, 406-414 (1956 Zeitschrift, 63, 406-414 ( ), 72, 25-46(1959 . Brauer, R. ,and W. Feit, these PROCEEDINGS, 45, 361-365 (1959) .
2 Using results from the theory of quadratic forms, explicit estimates for 7( d) can be given, but they are probably much too large. 3Schur, I., Sitzungsberichte der Preussischen Akadernie Berlin, Mathematisch-Naturwissenschaftliche Klasse, 77-91 (1905) .
